The phenomenon of half-spectral unidirectional invisibility is introduced for one-dimensional periodic optical structures with tailored real and imaginary refractive index distributions in a non-PT -symmetric configuration. The effect refers to the property that the optical medium appears to be invisible, both in reflection and transmission, below the Bragg frequency when probed from one side, and above the Bragg frequency when probed from the opposite side. Half-spectral invisibility is obtained by a combination of in-phase index and gain gratings whose spatial amplitudes are related each other by a Hilbert transform. In recent years considerable research efforts have been devoted to the design and realization of synthetic optical media that exploit the domain of complex dielectric permittivity ǫ to mold the flow of light in rather unusual ways (see, for example, [1][2][3][4][5][6][7][8][9][10][11][12][13][14][15] and references therein). In such media, the presence of gain and loss makes wave dynamics non-Hermitian in nature. When special tailoring of the spatial distribution of the real and imaginary parts of ǫ is introduced, important phenomena and devices can be realized, such as double refraction [1], unidirectional and anomalous transport [2,6,8,15], laser-absorber structures [4, 5, 10], bidirectional [16] and unidirectional [17][18][19][20][21][22] transparency, laser mode selection [11, 12], invisible defects [24, 25], and reflectionless interfaces [14], to mention a few. Often a balance spatial distribution of loss and gain is introduced to cancel each other on average in so-called parity-time (PT ) symmetry configuration inspired by non-Hermitian quantum mechanics [1, 26, 27], however this is not a necessary requirement [14, 24].
In recent years considerable research efforts have been devoted to the design and realization of synthetic optical media that exploit the domain of complex dielectric permittivity ǫ to mold the flow of light in rather unusual ways (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and references therein). In such media, the presence of gain and loss makes wave dynamics non-Hermitian in nature. When special tailoring of the spatial distribution of the real and imaginary parts of ǫ is introduced, important phenomena and devices can be realized, such as double refraction [1] , unidirectional and anomalous transport [2, 6, 8, 15] , laser-absorber structures [4, 5, 10] , bidirectional [16] and unidirectional [17] [18] [19] [20] [21] [22] transparency, laser mode selection [11, 12] , invisible defects [24, 25] , and reflectionless interfaces [14] , to mention a few. Often a balance spatial distribution of loss and gain is introduced to cancel each other on average in so-called parity-time (PT ) symmetry configuration inspired by non-Hermitian quantum mechanics [1, 26, 27] , however this is not a necessary requirement [14, 24] .
An important class of non-Hermitian optical media is provided by one-dimensional structures with locally periodic and complex ǫ. In optics, periodic structures are the building blocks of many important optical devices, including Bragg mirrors, optical filters, and distributedfeedback lasers. In complex gratings, Bragg scattering is strongly influenced by the interplay between the real and imaginary parts of the locally-periodic refractive index distribution [2, [16] [17] [18] [19] [20] [21] [22] 28] . In particular, it has been shown that in PT -symmetric gratings unidirectional invisibility can be observed near the symmetry breaking point.
In this Letter we introduce the phenomenon of halfspectral unidirectional invisibility in Bragg gratings with combined index and gain gratings tailored in a non-PTsymmetric configuration. The effect refers to the property that the grating turns out to be invisible when probed from one side with an optical wave at carrier frequency ω below the Bragg frequency ω B , i.e. for ω < ω B , whereas for ω > ω B the grating is invisible when probed from the opposite side.
Let us consider wave propagation in a one-dimensional periodic optical structure with a complex refractive index profile n(X) = n 0 +∆nh(X) cos(2πX/Λ), where Λ is the spatial period of the grating, n 0 is the (real-valued) refractive index in absence of the grating, ∆n ≪ n 0 is the the grating depth, and h(X) ∼ 1 is the amplitude profile of the grating. The envelope h(X) is assumed to be complex-valued, so that the real and imaginary parts of h(X) correspond to the profiles of the index and gain/loss gratings inscribed in the medium. Note that the grating structure is not locally PT symmetric, since the index and gain/loss gratings are in phase rather than π/2 phase shifted, however gain and loss regions are balanced. The periodic modulation of the refractive index leads to Bragg scattering between two counterpropagating waves at frequency ω close to the Bragg frequency ω B = πc 0 /(Λn 0 ), where c 0 is the speed of light in vacuum [ Fig.1(a) ]. Indicating by E(X, t) = ψ 1 (X, t) exp(ik B X − iω B t) + ψ 2 (X, t) exp(−ik B X − iω B t) + c.c. the electric field propagating in the grating, where k B = π/Λ, the slowly-varying envelopes ψ 1 and ψ 2 of counterpropagating waves satisfy the coupled-mode equations [29] . After introduction of dimensionless spatial and temporal variables x = X/L and τ = t/T with characteristic spatial and time scales L ≡ 2n 0 Λ/(π∆n) and T = Ln 0 /c 0 , coupled mode equations can be cast in the Dirac-type form for the spinor ψ ≡ (ψ 1 , ψ 2 )
where h(x) plays the role of a complex variable mass (scalar coupling). We assume that h(x) → 0 as |x| → ∞ sufficiently fast, so that one can introduce the transmission t(δ) and reflection r (l,r) (δ) coefficients (for left and right incidence sides), where δ = (2n 0 /∆n)(ω/ω B − 1) is the normalized frequency detuning of incident wave from the Bragg frequency ω B . In the Dirac equation (1) , the condition h(x) → 0 as |x| → ∞ means that the particle is asymptotically massless, and the cases δ > 0 and δ < 0 correspond to positive/negative energy states, i.e. to particle/anti-particle states, respectively. To determine the transmission and reflection coefficients, let us set ψ 1 (x, τ ) = u(x) exp(−iδτ + iδx) and ψ 2 (x, τ ) = v(x) exp(−iδτ − iδx), so that the amplitudes u, v satisfy the coupled equations
The transmission and reflection coefficients are formally boundary conditions u(−∞) = 1, v(+∞) = 0 for left side incidence, and t(δ) = v(x = −∞) and r (r) (δ) = u(+∞) with the boundary conditions u(−∞) = 0, v(+∞) = 1 for right side incidence. Note that the transmission coefficient does not depend on the incidence side, while the reflection coefficient does. We say that the grating shows half-spectral unidirectional invisibility whenever t(δ) = 1 (for δ = 0) and r (l) (δ) = 0 for δ > 0, r (r) (δ) = 0 for δ < 0. Interestingly, within the Dirac formulation of the scattering problem [30] this means that the scalar coupling h(x) is invisible for forwardpropagating positive energy states (particles), whereas it is invisible for backward-propagating negative energy states (anti-particles). The main result of the present Letter is that, whenever the real and imaginary parts of the complex grating envelope h(x) are related by a Hilbert transform, i.e. they satisfy spatial KramersKronig relations [14] , half-spectral unidirectional invisibility is observed. Since the real and imaginary parts of h(x) are related by a Hilbert transform, h(x) can be analytically prolonged into the upper half complex, whereas h has some poles in the lower half complex plane. To prove the half-spectral invisibility property, let us extend Eqs. (2,3) into the complex z plane, and let us assume the asymptotic behavior h(z) ∼ M/z γ for some M > 0 and γ ≥ 1 as |z| → ∞, where γ is the degree of the lowestorder pole of h(z) in the Im(z) < 0 complex plane. Let us indicate by u 0 (z), v 0 (z) the solution to Eqs.(2,3) with the asymptotic behavior u 0 (z) → 1 and v 0 (z) → 0 as z = x real → +∞. Since the real and imaginary parts of h(z) are related by a Hilbert transform, h(z) is holomorphic in the Im(z) ≥ 0 half plane, and thus the functions u 0 (z) and v 0 (z) are holomorphic in the same domain as well. To calculate the asymptotic behavior of the solution u 0 (z), v 0 (z) as z = x real → −∞, we can integrate Eqs. (2,3) along the semi-circumference σ of radius R → ∞, described by the equation z = R exp(iθ) with 0 ≤ θ ≤ π [ Fig.1(b) ]. Since the solution is analytic in the entire Im(z) ≥ 0 domain and there are no branch cuts, .(2,3) , one obtains
which should be integrated from θ = 0 to θ = π with the initial condition u 0 (θ = 0) = 1, v 0 (θ = 0) = 0. In Eqs. (4, 5) , the couplings κ are defined by
Note that, for δ > 0 and for a sufficiently large radius R one has |κ 2,1 (θ)| < M R 1−γ exp(−2δR sin θ) → 0, wehereas κ 1,2 κ 2,1 is limited or vanishes as R → ∞. To determine the solution to Eqs.(4,5) is the asymptotic limit R → ∞, it is worth eliminating the variable v 0 , obtaining the second-order equation for u 0 (θ)
which should be integrated with the initial condition u 0 (0) = 1, (du 0 /dθ)(0) = 0. In the large limit R → ∞ and for δ = 0, Eq.(8) can be approximated as
The solution to this equation with the given initial condition is simply given by u 0 (θ) = 1. Moreover, from Eq.(5) one has v 0 (θ) = θ 0 κ 2,1 (ξ)dξ → 0 when δ > 0 and R → ∞. Hence, along the semi-circumference σ with R → ∞ radius and δ > 0, one has v 0 (θ) = 0 and u 0 (θ) = 1, and thus lim x→−∞ u 0 (x) = 1 and lim x→−∞ v 0 (x) = 0 on the real x axis. This means that t(δ) = 1 and r (l) (δ) = 0 for δ > 0. In a similar way one can show that t(δ) = 1 and r (r) (δ) = 0 for δ < 0. The case δ = 0 (exact Bragg resonance ω = ω B ) is somehow a critical one and should be considered separately. In this case, to calculate the transmission and reflection coefficients let us truncate the grating at the distances x = ±L [see Fig.1(a) ], taking at the end of the calculations the limit L → ∞. For δ = 0 Eqs.(2,3) can be exactly integrated from
(9) The transmission and reflection coefficients are expressed in terms of the elements of the transfer matrix by usual relations, yielding shot of the intensity |ψ1| 2 + |ψ2| 2 in the space-time plane) across the optical grating of Fig.3(a) for (a) δ = 0.5, and (b) δ = −0.5. Upper and lower panels refer to left and right sides of incidence, respectively.
The values of the transmission/reflection coefficients at Bragg resonance are thus determined by the limit lim L→∞ L −L h(x)dx, which is given by the sum of residues of poles of h(z) in the lower half complex plane, multiplied by −iπ. If the sum of residues is zero or whenever the poles of h(z) are of order higher than one, one has t(δ = 0) = 1, r (l,r) (δ = 0) = 0 and the function t(δ), r (l,f ) (δ) are continuous ones when crossing the resonance condition δ = 0. Conversely, when the integral
h(x)dx is non-vanishing one, a discontinuity in the transmittance and reflectances at δ = 0 arises. As an example, Figs.2 and 3 show the numerically-computed behavior of the spectral transmittance T = |t| 2 and reflectances R (l,r) = |r (l,r) | 2 versus δ for the two complex profiles
(α > 0), corresponding to a single pole of first and second order, respectively. The profiles of the real and imaginary parts of h(x), defining the envelopes of the index and gain/loss gratings, are also shown in the figure. Note that for the case of a first-order pole (Fig.2) , the transmittance rapidly oscillates close to the resonance δ = 0, settling down to t = 1 outside a narrow range around δ = 0. Such a result is due to grating truncation and to the non-vanishing value of
h(x)dx, corresponding to t(δ = 0) = 1 according to Eq. (10) . Note also that the reflectances for left and ride incidence sides satisfy the symmetry relation R (l) (−δ) = R (r) (δ). Quite interestingly, especially in the case of a pole of first-order (Fig.2 ) the reflectance shows a steep increase from zero to a non-negligible value as the detuning δ is swept across the resonance δ = 0. Such a steep change of reflectance could be of usefulness, for example, in sensing applications, where perturbation-induced small shift of the resonance condition leads to a large change in the grating reflectivity at a given probing wavelength. It should be noted that, since the optical medium displays a gain grating superimposed to an index grating, unstable bound states, corresponding to lasing modes, could be sustained by the optical structure despite gain and loss are balanced on average [16] . For the observation of half-spectral unidirectional invisibility, the appearance of unstable lasing modes should be avoided. We numerically checked the absence of instabilities by direct numerical simulations of pulse propagation in the grating structures shown in Figs.2 and 3 based on coupledmode equations (1) . Figures 4 and 5 show the temporal evolution of |ψ 1 (x, τ )| 2 + |ψ 2 (x, τ )| 2 -which is proportional to the field intensity in the grating averaged in time over a few optical cycles and in space over a few wavelengths -as obtained by numerical analysis of Eq.(1) assuming as an initial condition either a forwardpropagating or a backward-propagating Gaussian pulse of duration (FWHM in intensity) τ p = 5 and with frequency detuning δ = 0.5 [in panels (a)] and δ = −0.5 [in panels (b)]. The figures clearly demonstrate the observation of the phenomenon of half-spectral unidirectional invisibility. It should be noted that, for a fixed value of the pole position z = −iα and grating length 2L, as the amplitude |A| in the profile given by Eq.(13) (firstorder pole) is increased, unstable modes are observed, whereas no instabilities are found in the second-order pole profile Eq. (14) . The onset of an instability is signaled by the appearance of singularities (poles) in the spectral transmittance as |A| is increased [30] . Figure 6 shows the numerically-computed spectral transmittance for the grating profile defined by Eq. (13) In conclusion, the phenomenon of half-spectral unidirectional invisibility has been introduced for onedimensional periodic optical structures with tailored index and gain gratings in a non-PT -symmetric configuration. We have shown that, whenever the index and gain grating profiles are in phase and related each other by a Hilbert transform, i.e. by spatial Kramers-Kronig relations [14] , the optical medium appears fully invisible from one side when probed below the Bragg frequency, and fully invisible from the other side when probed above the Bragg frequency. Our results disclose an important property of periodic optical structures with mixed index and gain gratings related by a Hilbert transform. Besides to provide a new effect in the rapidly-growing field of non-Hermitian and PT -symmetric optics, halfspectral transparency found in such structures might be of interest in applications, for the example in the design of sharp half-band optical filters. Moreover, the steep change of the spectral reflectance close to the Bragg frequency could be of usefulness in sensing applications.
